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a b s t r a c t
Two low order rectangular finite elements for the convection–diffusion problem with
a modified characteristic finite element scheme are studied in this paper. The O(h2)
order error estimates in L2-norm with respect to the space are obtained for one element
with regular meshes and the other under anisotropic meshes. In the process, we use
some distinct properties of the interpolation operator, the integral identity technique
and the mean value technique, instead of the traditional elliptic projection which is an
indispensable tool in the convergence analysis of the previous literature. Finally, some
numerical results are provided to verify our theoretical analysis.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
We consider the convection–diffusion equation{
(a) ct + u(X, t) · ∇c −∇ · (a(X, t)∇c) = f (X, t), inΩ × [0, T ],
(b) c(X, 0) = c0(X), inΩ,
(c) c(X, t) = 0 on ∂Ω,
(1)
where Ω ⊂ R2 denotes an open bounded domain with the boundary Γ and a time interval (0, T ], X = (x, y), and the
parameters appear in (1) satisfy the following assumptions [1].
(1) c(X, t) denotes, for example, the concentration of a possible substance;
(2) u(X, t) represents the velocity of the flow satisfying
|u(X, t)| + |∇ · u(X, t)| ≤ C, ∀X ∈ Ω, (2)
here C is a constant;
(3) a(X, t) is sufficiently smooth and there exist constants a1 and a2, such that
0 < a1 ≤ a(X, t) ≤ a2 < +∞, ∀X ∈ Ω; (3)
(4) f denotes a source term;
(5) ∇ and ∇· denote the gradient and the divergence operators, respectively.
In many diffusion processes arising in physical problems, convection essentially dominates diffusion, it is natural to
seek numerical methods for such problems to reflect their almost hyperbolic nature. A lot of discretization schemes
have been developed, such as the finite volume element methods [2,3], the streamline diffusion method [4], the least-
squares mixed finite element method [5] and the modified method of characteristic Galerkin finite element procedure
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(MMOC-Galerkin) [6–8]. The modified characteristic finite element method was first formulated for scalar parabolic
equation by Douglas and Russell in [9]. This method is a combination of characteristic approximation to handle the
convection part in time and a finite element spatial approximation to dealwith the diffusion part. For convection-dominated
problems, this method has much smaller time-truncation error than that of standard methods, such as finite difference or
Galerkin discretizations in the space variables combined with Crank–Nicolson or backward difference scheme in the time
variable [10]. Because the solution of the above method changes more slowly in the characteristic τ direction than in the t
direction. Thus this method will permit the use of larger time steps.
However, in the studies mentioned above, the regularity assumption or quasi-uniform assumption [11] was required
on the meshes in space which is great deficiency in application of the finite element methods. For example, the solutions
of some problems may have anisotropic behavior in parts of the defined domain, i.e., the solution only varies significantly
in certain directions. The better idea to reflect this anisotropy in the discretion is to use anisotropic meshes with a finer
mesh size in the direction of the rapid variation of the solution and a coarser mesh size in the perpendicular direction [12].
Besides, some problems may be defined in narrow domain, for example, in modeling a gap between rotter and stator in an
electrical machine, if we employ the regular partition of the domain, the cost of calculation will be very high [13]. Therefore,
employing anisotropic meshes with fewer degrees of freedom is a better choice to overcome these difficulties.
In the present work, two finite elements are applied to the convection–diffusion problem on the characteristic finite
element scheme. One is the conforming bilinear finite element on anisotropic meshes, the other is the popular rotated Q1
element proposed in [14] on square meshes. And in the process, for the bilinear finite element, the anisotropic interpolation
operator combined with the integral identity method is used instead of the elliptic projection as in the previous literature
[1,9] which has the practical difficulties in solving simultaneous equations. While for the rotated Q1 element, it has
the practical advantage that each degree of freedom belongs to at most two elements which may result in cheap local
communication and the method can be parallelized in a highly efficient manner on MIMD-machines [15]. The interpolation
operator combined with the mean value method is used instead of the elliptic projection. The orders of error estimates by
use of the two finite elements in L2-norm with respect to the space are O(h2)when the solutions are appropriately smooth.
Lastly, numerical tests are carried out to verify our theoretical analysis.
2. Construction of finite element schemes
Let Kˆ = [−1, 1] × [−1, 1] be the reference element on ξ − η plane. The four vertices of Kˆ are dˆ1 = (−1,−1), dˆ2 =
(1,−1), dˆ3 = (1, 1) and dˆ4 = (−1, 1), the four edges are lˆ1 = dˆ1dˆ2, lˆ2 = dˆ2dˆ3, lˆ3 = dˆ3dˆ4 and lˆ4 = dˆ4dˆ1.
Given vˆ ∈ H1(Kˆ), we define the finite elements (Kˆ , Pˆ i, Σˆ i), i = 1, 2 on Kˆ as follows:
Σˆ1 = {vˆ1, vˆ2, vˆ3, vˆ4}, Pˆ = span{1, ξ , η, ξη}, (4)
where vˆi = vˆ(dˆi), i = 1, 2, 3, 4.
Σˆ2 = {vˆ1, vˆ2, vˆ3, vˆ4}, Pˆ = span{1, ξ , η, ξ 2 − η2}, (5)
where vˆi = 1|ˆli|
∫
lˆi
vˆds, i = 1, 2, 3, 4.
It can be easily checked that interpolations defined above are well-posed and the interpolation function Iˆ ivˆ (i = 1, 2)
can be expressed as
Iˆ1vˆ = 1
4
(1− ξ)(1− η)vˆ1 + 1
4
(1+ ξ)(1− η)vˆ2 + 1
4
(1+ ξ)(1+ η)vˆ3 + 1
4
(1− ξ)(1+ η)vˆ4. (6)
Iˆ2vˆ =
(
1
4
− 1
2
η − 3
8
ξ 2 + 3
8
η2
)
vˆ1 +
(
1
4
+ 1
2
ξ + 3
8
ξ 2 − 3
8
η2
)
vˆ2
+
(
1
4
+ 1
2
η − 3
8
ξ 2 + 3
8
η2
)
vˆ3 +
(
1
4
− 1
2
ξ + 3
8
ξ 2 − 3
8
η2
)
vˆ4. (7)
The following important lemma has been proved in [16] based on [17].
Lemma 2.1. The interpolation operator Iˆ1 defined by (6) has the anisotropic interpolation property, i.e., ∀vˆ ∈ H2(Kˆ), α =
(α1, α2) with |α| = 1, we have
‖Dˆα(vˆ − Iˆ1vˆ)‖0,Kˆ ≤ Cˆ |Dˆα vˆ|1,Kˆ . (8)
For the convenience, let Ω ⊂ R2 be a polygon with boundaries paralleling to the axes, T hi (i = 1, 2) be an axis-parallel
rectangular meshes ofΩ , where T h1 does not need to satisfy the regularity assumption or quasi-uniform assumption, but T
h
2
is required to satisfy above regular assumption.
∀K ∈ T hi , let K = [xK − hx, xK + hx] × [yK − hy, yK + hy], hK = diam(K), S is the circle contained in K . ρK =
maxS⊂K diam(S), h = maxK∈Thi hK , lk (k = 1, 2, 3, 4) be the edges of K .
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Define the affine mapping F : Kˆ −→ K as follows:{
x = xK + hxξ,
y = yK + hyη. (9)
Then the associated finite element space V hi (i = 1, 2) is
V h1 = {v|vˆ|Kˆ = v|K ◦ F ∈ Pˆ,∀K ∈ T h, v(d) = 0, d ⊂ ∂Ω}, (10)
V h2 =
{
v|vˆ|Kˆ = v|K ◦ F ∈ Pˆ,∀K ∈ T h,
∫
l
[v]ds = 0, l ⊂ ∂K
}
, (11)
where [v] stands for the jump of v across the edge l if l is an internal edge, and it is equal to v itself if l belongs to ∂Ω .
For any v ∈ H1(Ω), let Π i (i = 1, 2) be the associated interpolation operator on V hi (i = 1, 2) satisfying Π i |K = Π iK ,
Π iK = Iˆ i ◦ F−1K , then we have
Π1Kv(di) = v(di), i = 1, 2, 3, 4. (12)∫
lk
(v −Π2Kv)ds = 0, k = 1, 2, 3, 4. (13)
We denote byHk(Ω) the standard Sobolev space of k-differential functions and less than k-differential functions in L2(Ω)
with the usual norm ‖ · ‖k and semi-norm | · |k respectively. When k = 0, we let L2(Ω) denote the corresponding space
defined onΩ with norm ‖ · ‖.
Let [a, b] ⊂ [0, T ], Y be a Sobolev space, and f (X, t) be smooth function on Ω × [a, b], also we define Lp(a, b; Y )
and ‖f ‖Lp(a,b;Y ) as follows:
Lp(a, b; Y ) =
{
f |
∫ b
a
‖f (·, t)‖pYdt <∞
}
,
‖f ‖Lp(a,b;Y ) =
(∫ b
a
‖f (·, t)‖pYdt
) 1
p
,
where if p = ∞, the integral is replaced by the essential supremum.
Under the above assumptions, we begin to discretize the Eq. (1). Let
ψ(X, t) = (1+ |u|2) 12 (14)
and the characteristic direction associated with the operator ct + u · ∇c be denoted by τ = τ(X, t), where
∂
∂τ
= 1
ψ(X, t)
∂
∂t
+ u
ψ(X, t)
· ∇. (15)
Then the Eq. (1) can be put in the form{
ψ(X, t)
∂c
∂τ
−∇ · (a(X, t)∇c) = f (X, t), (X, t) ∈ Ω × (0, T ),
c(X, 0) = c0(X), ∀X ∈ Ω.
(16)
The weak form of (16) is as follows: to find c ∈ H10 (Ω)× (0, T ), such that
(
ψ(X, t)
∂c
∂τ
, v
)
+ (a(X, t)∇c,∇v) = (f , v), ∀v ∈ H10 (Ω) ∩ H2(Ω),
c(X, 0) = c0(X), ∀X ∈ Ω.
(17)
This form will be discretized in details below.
Let eh = ch −Πc, ρ = Πc − c.
In the procedure, we consider a time step∆t > 0 and approximate the solution at times tn = n∆t , and the characteristic
derivative will be approximated basically in the following manner.
Let
X = X − u(X, tn)∆t,
then we have the following approximation similar to [9]
ψ(X, tn)
∂c
∂τ
∣∣∣∣
tn
≈ ψ(X, tn) c(X, t
n)− c(X, tn−1)√
(X − X)2 + (∆t)2
= c(X, t
n)− c(X, tn−1)
∆t
.
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Our finite element scheme approximating (17) is to find ch : {t0, t1, . . . , tN} → V hi (i = 1, 2), such that
(
cnh − cn−1h
∆t
, vh
)
+ (a(X, tn)∇cnh ,∇vh)h = (f n, vh), ∀vh ∈ V hi ,
c0h = Π ic0, ∀X ∈ Ω,
(18)
where cnh = ch(tn), X = X − uh(X, tn−1)∆t, cn−1h = cn−1h (X, tn−1) = cn−1h (X − uh(X, tn−1)∆t, tn−1), f n = f (X, tn),Π ic0 is
the finite element interpolation of c0, i = 1, 2. (u, v)h = ∑K ∫K uvdxdy. For conforming bilinear finite element, it means
(u, v)h =
∫
Ω
uvdxdy.
3. The existence and uniqueness of the solution of discrete problem
In this section we prove the existence and uniqueness of the solution of the discrete problem (18).
Theorem 1. Under the assumption of (3), there exists a unique solution ch ∈ V hi (i = 1, 2) to the finite element scheme (18).
Proof. The linear system generated by (18) is square, so the existence of the solution is implied by its uniqueness. Let cn−1h
and f be zero, thus cn−1h is zero too, thus we have(
cnh
∆t
, vh
)
+ (a(X, tn)∇cnh ,∇vh)h = 0, ∀vh ∈ V hi . (19)
Choosing vh = cnh in (19) gives
1
∆t
‖cnh‖2 + (a(X, tn)∇cnh ,∇cnh )h = 0,
then assumption (3) follows cnh = 0, the proof is completed. 
Let ‖ · ‖h = (∑K | · |21,K ) 12 , then it is a norm over V hi (i = 1, 2).
To get error estimates, we state the following important lemmas.
Lemma 3.1. For any v ∈ H2(Ω), we have
‖v −Π iv‖ + h‖v −Π iv‖h ≤ Ch2|v|2, i = 1, 2. (20)
Here and later, the positive C is independent of hK and
hK
ρK
, which may be different in different places.
Proof. The desired result comes from the interpolation theorem [11,17]. 
Lemma 3.2 ([18]). For all c ∈ H1Ω and all v ∈ V h1 , we have
(∇(c −Π1c),∇v)h ≤ Ch2|c|3‖v‖1, ∀v ∈ V h1 . (21)
Proof. We only to prove
∫
Ω
wxvx ≤ Ch2|c|3‖v‖1,∀v ∈ V h1 .
We expand v ∈ V h1 in a Taylor series about the point (xK , yK ) as follows:
vx(x, y) = vx(xK , yK )+ (y− yK )vxy. (22)
Letw = c −Π1c, F(y) = 12 [(y− yK )2 − h2y], then∫
K
wxvx =
∫
K
wxvx(xK , yK )+
∫
K
wx(y− yK )vxy. (23)
Note thatw(xK ± hx, yK ± hy) = 0, F(yK ± hy) = 0, thus∫
K
wx =
∫
K
∂2F
∂y2
wx
= ∂F(yK + hy)
∂y
[w(xK + hx, yK + hy)− w(xK − he, yK + hy)]
− ∂F(yK − hy)
∂y
[w(xK + hx, yK − hy)− w(xK − hx, yK − hy)]
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−
[
F(yK + hy)
∫
l3
wxydx− F(yK − hy)
∫
l1
wxydx
]
+
∫
K
F(y)wxyy
= 0+
∫
K
F(y)cxyy. (24)
Similarly, due to (y− yK ) = 16 ∂
3[F2(y)]
∂y3
,
we have∫
K
wx(y− yK ) = 16
∫
K
∂F 3(y)
∂y3
wx
= 1
6
(∫
l3
−
∫
l1
)
∂F 2(y)
∂y2
wxdx− 16
∫
K
∂F 2(y)
∂y2
wxy
= 1
6
∫
K
2F(y)(y− yK )cxyy. (25)
By Schwartz inequality and inverse inequality, we obtain∫
K
wxvx =
∫
K
cxyy
{
F(y)[vx − (y− yKvxy)] + 13F(y)(y− yK )vxy
}
=
∫
K
cxyy
{
F(y)vx − 23F(y)(y− yK )vxy
}
≤ Ch2|c|3,K‖v‖1,K , ∀v ∈ V h1 . (26)
Then∫
Ω
wxvx ≤ Ch2|c|3‖v‖1, ∀v ∈ V h1 .
The proof is completed. 
Lemma 3.3. On square meshes, for all c ∈ H1(Ω) and all vh ∈ V h2 , we have
(∇(c −Π2c),∇vh)h = 0, ∀vh ∈ V h2 . (27)
Proof. By Green’s formula and the definition ofΠ2, we get
(∇(c −Π2c),∇vh)h =
∑
K∈Th
∫
K
∇(c −Π2c)∇vhdxdy
=
∑
K∈Th
∫
∂K
(c −Π2c) ∂vh
∂n
ds−
∑
K∈Th
∫
K
(c −Π2c)∆vhdxdy.
Note that for all vh ∈ V h2 , ∂vh∂n |∂K is constant and∆vh|K = 0 on square meshes, thus
(∇(c −Π2c),∇vh)h = 0.
Here and later, n = (n1, n2) denotes the unit outer norm on ∂K . The proof is completed. 
Lemma 3.4 ([16]). For the rotated Q1 element, all u ∈ H3(Ω) ∩ H10 (Ω), we have∣∣∣∣∣∑
K∈Th
∫
∂K
∂u
∂n
vhds
∣∣∣∣∣ ≤ Ch2|u|3‖vh‖h, ∀vh ∈ V h2 . (28)
Lemma 3.5 ([1]). Let η ∈ L2(Ω), and η¯ = η(X − g(X)∆t), where function g and its gradient ∇g are bounded, then
‖η − η¯‖−1 ≤ C‖η‖∆t. (29)
4. Error estimate
Now we start to derive the main result of this paper, i.e., the optimal order estimate of (ch − c) in L2-norm.
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Theorem 2. Let ch, c be the solutions of (18) and (1) respectively, for sufficiently small∆t > 0, we have
max
0≤ n≤ N
‖(ch − c)(tn)‖ ≤ m0∆t + h2m1, (30)
where
m0 = C
∥∥∥∥ ∂2c∂τ 2
∥∥∥∥
L2(0,T ;L2)
, m1 = C(|ct |L2(0,T ;H2) + |c|L∞(0,T ;H2) + |c|L∞(0,T ;H3)).
Proof. By (17) and (18), we get the error equation as follows:
For the bilinear finite element,(
enh − e¯n−1h
∆t
, vh
)
+ (a(X, tn)∇enh,∇vh)h + (a(X, tn)∇(Πcn − cn),∇vh)h
=
(
ψn
∂cn
∂τ
− c
n − c¯n−1
∆t
, vh
)
−
(
ρn − ρ¯n−1
∆t
, vh
)
, ∀vh ∈ V h1 . (31)
For the rotated Q1 finite element,(
enh − e¯n−1h
∆t
, vh
)
+ (a(X, tn)∇enh,∇vh)h + (a(X, tn)∇(Πcn − cn),∇vh)h +
∑
K∈Th
∫
∂K
a(X, tn)
∂cn
∂n
vhds
=
(
ψn
∂cn
∂τ
− c
n − c¯n−1
∆t
, vh
)
−
(
ρn − ρ¯n−1
∆t
, vh
)
, ∀vh ∈ V h2 . (32)
Then we choosing vh = enh in (31) and (32), respectively.
Then using the argument similar to [9], the following result is obtained∣∣∣∣(ψn ∂cn∂τ − cn − c¯n−1∆t , enh
)∣∣∣∣ ≤ C ∥∥∥∥ ∂2c∂τ 2
∥∥∥∥2
L2(tn−1,tn;L2)
∆t + ‖enh‖2. (33)
Due to
ρn − ρ¯n−1 = (ρn − ρn−1)+ (ρn−1 − ρ¯n−1),
we have∣∣∣∣(ρn − ρn−1∆t , enh
)∣∣∣∣ ≤ C∆t ‖ρt‖2L2(tn−1,tn;L2) + C‖enh‖2. (34)
By Lemma 3.5∣∣∣∣(ρn−1 − ρ¯n−1∆t , enh
)∣∣∣∣ ≤ C ∥∥∥∥enh‖h‖ρn−1 − ρ¯n−1∆t
∥∥∥∥−1
≤ C‖enh‖2h + C‖ρn−1‖2. (35)
Next we estimate the left hand of (31) and (32).
Firstly, the first two terms on the left hand of (31) and (32) can be estimated as(
enh − e¯n−1h
∆t
, enh
)
+ (a(X, tn)∇enh,∇enh) ≥
1
2∆t
[(enh, enh)− (e¯n−1h , e¯n−1h )] + (a(X, tn)∇enh,∇enh)
≥ 1
2∆t
[(enh, enh)− (1+ C∆t)(en−1h , en−1h )] + a1‖enh‖2h, (36)
where the inequality ‖e¯nh‖2 ≤ (1+ C∆t)‖enh‖2 (cf. [19]) is used in the last step.
Secondly, by Lemma 3.2 we can estimate the third term on the left hand of (31) as
|(a(X, tn)∇(Πcn − cn),∇enh)| = |(a(X, tn)− a¯)∇(Πcn − cn),∇enh| + |(a¯∇(Πcn − cn),∇enh)|
≤ Ch‖Πcn − cn‖h‖enh‖h + Ch2|cn|3‖enh‖h
≤ Ch2‖enh‖h‖cn‖3, (37)
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Table 1
‖c − ch‖0Ω , on Mesh 1 of Experiment 1,∆t = O(h2).
m× n t = 0.0625 α t = 0.1563 α t = 0.2188 α t = 0.2813 α t = 0.3750 α
8× 8 0.3321 \ 0.4987 \ 0.5743 \ 0.6358 \ 0.7111 \
16× 16 0.0731 2.1912 0.1346 1.8959 0.1421 2.0218 0.1627 1.9731 0.1697 2.0742
32× 32 0.0218 1.7515 0.0351 1.9458 0.0359 1.9917 0.0399 2.0347 0.0447 1.9312
m× n t = 0.4375 α t = 0.5000 α t = 0.5938 α t = 0.6563 α t = 0.7500 α
8× 8 0.7534 \ 0.7909 \ 0.8401 \ 0.8691 \ 0.9081 \
16× 16 0.1870 2.0173 0.1970 2.0122 0.2011 2.0697 0.2272 1.9422 0.2277 2.0026
32× 32 0.0481 1.9657 0.0499 1.9879 0.0507 1.9947 0.0543 2.0720 0.0577 1.9873
By Lemma 3.3 we can estimate the third term on the left hand of (32) as
|(a(X, tn)∇(Πcn − cn),∇enh)| = |(a(X, tn)− a¯)∇(Πcn − cn),∇enh| + |(a¯∇(Πcn − cn),∇enh)|
≤ Ch‖Πcn − cn‖h‖enh‖h + 0
≤ Ch2‖enh‖h‖cn‖3, (38)
where a¯|K = 1|K |
∫
K a(X, t
n)dxdy satisfying |(a(X, tn)− a¯)|K | < ChK .
From (37) and (38), we can see that the same results are obtained by use of the two different finite element methods.
The last term of (32) can be estimated as∣∣∣∣∣∑
K∈Th
∫
∂K
a(X, tn)
∂cn
∂n
enhds
∣∣∣∣∣ ≤ Ch2|cn|3‖enh‖h. (39)
From (33)–(39), we have
1
2∆t
[(enh, enh)− (1+ C∆t)(en−1h , en−1h )] + a1‖enh‖2h ≤ Ch2|cn|3‖enh‖h + C
∥∥∥∥ ∂2c∂τ 2
∥∥∥∥2
L2(tn−1,tn;L2)
∆t + C‖enh‖2
+ C
∆t
‖ρt‖2L2(tn−1,tn;L2) +
a1
3
‖enh‖2h + C‖ρn−1‖2 + C‖en−1h ‖2 + Ch2|cn|2‖enh‖h. (40)
Next, (40) is multiplied by 2∆t , and sum them in time, we obtain
‖enh‖2 ≤ C
∥∥∥∥ ∂2c∂τ 2
∥∥∥∥2
L2(0,T ;L2)
∆t2 + C‖ρt‖2L2(0,T ;L2) + C‖ρ‖2L∞(0,T ;L2) + Ch4∆t|c|2L∞(0,T ;H3)
+ Ch4∆t|c|2L∞(0,T ;H2) + C∆t
n∑
i=1
‖eih‖2. (41)
By Gronwall’s lemma, it follows that
‖enh‖ ≤ Ch2|c|L∞(0,T ;H2) + Ch2|c|L∞(0,T ;H3) + C‖ρ‖L∞(0,T ;L2) + C‖ρt‖L2(0,T ;L2) + C∆t
∥∥∥∥ ∂2c∂τ 2
∥∥∥∥
L2(0,T ;L2)
. (42)
Note that cnh − cn = enh + ρn, by (20) and (42) and the triangle inequality, we can get the desired result. 
5. Numerical example
In order to illustrate our theoretical analysis in previous sections, we carry out two numerical simulations using the
bilinear finite element and the rotated Q1 element for the Eq. (1), respectively.
Example 1. f (x, y, t) is taken such that c(x, y, t) = e−t(1 − e−x(1−x)/)(1 − e−y(1−y)/) is the exact solution.  denotes
the singular perturbation parameter, when  = 0.06, the exact solution exhibits four boundary layers as plotted in
Fig. 2(a). The domainΩ is divided into small rectangles in the following two different ways (illustrated by the Fig. 1), where
Ω = [0, 1]× [0, 1]. Mesh 1: square meshes; Mesh 2: anisotropic meshes, we subdivide the boundary ofΩ parallel to x-axis
into n parts by the following n+ 1 points: (1− cos(ipi/n))/2, i = 0, 1, . . . , n and the same intervals along y-axis.
Tables 1 and 2 give the numerical errors obtained with the bilinear finite element on Mesh 1 and Mesh 2, respectively.
The numerical solutions on the two different meshes, for the case n = 16, t = h2 are shown in Fig. 2(b) and (c).
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Fig. 1. (a) Mesh 1; (b) Mesh 2.
a b
c
Fig. 2.  = 0.06, n = 16: (a) Exact solution; (b) FEM solution on Mesh 1; (c) FEM solution on Mesh 2.
Example 2. f (x, y, t) is taken such that c(x, y, t) = e−t sinpix sin 2piy is the exact solution as plotted in Fig. 3(a). We
consider the rotatedQ1 element for problem (1) onMesh 1. The numerical errors are listed in Table 3. The numerical solution
on Mesh 1 for t = h2 is plotted in Fig. 3(b).
In Tables 1–3, ch denotes the finite element solution of problem (1),∆t represents a time step, and the experiments are
done with∆t = O(h2). α is the average convergence order for ‖c − ch‖0,Ω .
Tables 1 and 2 show that the results are in good agreement with our investigation in Section 4. From the comparison
of the numerical errors on the two meshes, we can see that the numerical solution based on Mesh 2 is in all cases more
accurate than that based on Mesh 1 in L2 norm, because Mesh 2 is made up of anisotropic meshes with finer mesh size in
the direction of the rapid variation of the solution. For a smaller , the modified characteristic finite element scheme based
on Mesh 2 is more fitted to solve the problem (1).
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Fig. 3. n = 16: (a) Exact solution; (b) FEM solution on Mesh 1.
Table 2
‖c − ch‖0Ω , on Mesh 2 of Experiment 1,∆t = O(h2).
m× n t = 0.0625 α t = 0.1563 α t = 0.2188 α t = 0.2813 α t = 0.3750 α
8× 8 0.1551 \ 0.2567 \ 0.3165 \ 0.3728 \ 0.4514 \
16× 16 0.0468 1.7346 0.0630 2.0336 0.0912 1.8013 0.0942 1.9914 0.1625 1.4790
32× 32 0.0091 2.3707 0.0153 2.0488 0.0187 2.2938 0.0243 1.9615 0.0293 2.4799
m× n t = 0.4375 α t = 0.5000 α t = 0.5938 α t = 0.6563 α t = 0.7500 α
8× 8 0.4999 \ 0.5457 \ 0.6092 \ 0.6485 \ 0.7031 \
16× 16 0.1240 2.0182 0.1378 1.9923 0.1202 2.3507 0.1711 1.9289 0.1758 2.0067
32× 32 0.0322 1.9519 0.0343 2.0132 0.0342 1.8184 0.0415 2.0507 0.0451 1.9695
Table 3
‖c − ch‖0Ω , on Mesh 1 of Experiment 2,∆t = O(h2).
m× n t = 0.0313 α t = 0.625 α t = 0.0938 α t = 0.1250 α t = 0.1563 α
8× 8 0.1805 \ 0.2526 \ 0.3117 \ 0.3649 \ 0.4149 \
16× 16 0.0459 1.9822 0.0601 2.0785 0.0813 1.9455 0.0943 1.9589 0.1041 2.0016
32× 32 0.0103 2.1633 0.0147 2.0385 0.0214 1.9323 0.0231 2.0363 0.0279 1.9062
m× n t = 0.1875 α t = 0.2188 α t = 0.2500 α t = 0.2813 α t = 0.3125 α
8× 8 0.4628 \ 0.5089 \ 0.5535 \ 0.5965 \ 0.6379 \
16× 16 0.1301 1.8371 0.1341 1.9307 0.1442 1.9472 0.1503 1.9955 0.1544 2.0537
32× 32 0.0289 2.1779 0.0338 1.9950 0.0346 2.0662 0.0373 2.0175 0.0451 1.7816
From Table 3 and Fig. 3, we can see that the optimal L2 norm errors estimated between the c and ch with the rotated Q1
element are obtained on square meshes, which is in good agreement with the theoretical analysis.
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